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State-dependent graviton noise in the equation of geodesic deviation
Z. Haba
Institute of Theoretical Physics, University of Wroclaw,
50-204 Wroclaw, Plac Maxa Borna 9, Poland∗
We consider an equation of the geodesic deviation appearing in the problem of gravitational
wave detection in an environment of gravitons. We investigate a state-dependent graviton noise
( as discussed in a recent paper by Parikh,Wilczek and Zahariade) from the point of view of the
Feynman integral and stochastic differential equations. The evolution of the density matrix in an
environment of gravitons is obtained. We express the time evolution by a solution of a stochastic
geodesic deviation equation with a noise dependent on the quantum state of the gravitational field.
I. INTRODUCTION
The study of the effect of an environment, which is not
directly observable, on the motion of macroscopic bodies,
began with the phenomenon of Brownian motion. The
mathematical theory of Brownian motion allowed to con-
firm the presence of invisible molecules ( see [1]). In a
recent paper Parikh,Wilczek and Zahariade (PWZ) [2]
suggest that in a similar way we can detect the environ-
ment of gravitons in spite of the negative conclusions of
Dyson [3]. According to PWZ the noise resulting from
the ground state or coherent state of gravitons is weak
and practically undetectable. However, the high temper-
ature states and squeezed states of the graviton can lead
to a substantial increase of noise which can be detected
in the gravitational wave detection experiments. The au-
thors [2] derive their results by an investigation of the
geodesic deviation equation in the environment of the
quantized gravitational field. They apply the influence
functional method [4] in order to transform the evolution
of the transition probability of macroscopic bodies into
an expectation value with respect to the noise disturbing
the geodesic deviation equation. Studies on the effect
of gravitons on the motion of other particles appeared
earlier [5][6][7][8][9][10], but these papers did not tackle
directly the geodesic deviation equation. The quantum
noise from the environment has been investigated in other
fields of physics [11][12]. It can be detected in quantum
optics [13] and solid state physics.
The evolution of the density matrix in an environment
of unobservable particles is usually treated by means of
the influence functional [4] which starts from the Feyn-
man integral. As a result one can express the evolution
of the density matrix as a solution of the master equa-
tion. One can also express the density matrix by the
Wigner function and derive a stochastic equation for the
evolution of the Wigner function. We have derived such
equations for the thermal graviton environment by means
of the Feynman integral in [7]. In this paper we apply the
method to the quantum evolution of a particle following
the geodesic deviation equation when the quantum gravi-
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tational field is in an arbitrary Gaussian state. We apply
a method of transforming the Feynman integral into an
expectation value with respect to the Brownian motion
developed in [14][15]. In such a case the dependence of
the evolution of the density matrix on the state of the
gravitational field is exhibited explicitly.
The plan of the paper is the following. In sec.2 we
derive in a novel way the transformation of the Feyn-
man integral in quantum mechanics into an expectation
value over a state-dependent noise. In sec.3 we show how
this transformation applies to quantum field theory. In
sec.4 we discuss in detail perturbations by noise resulting
from the time-dependent Gaussian states. In sec.5 we ap-
ply the method to the BPZ model (as introduced in [2])
in the one mode approximation . In sec.6 the influence
of infinite number of modes of the thermal gravitational
field upon the geodesic deviation equation is treated by
the method of the forward-backward Feynman integral as
previously applied in [7] to a geodesic motion. In sec.7 we
apply our method of the state-dependent noise to derive
a stochastic deviation equation which governs the evo-
lution of the density matrix. Sec.8 contains a summary
of the results. In the Appendix we discuss the stochas-
tic deviation equation which results from the assumption
that the initial values of the classical gravitational field
have the thermal Gibbs distribution.
II. STATE-DEPENDENT TRANSFORMATION
OF THE FEYNMAN INTEGRAL
Let us consider first a simple model of the Schro¨dinger
equation of quantum mechanics in one dimension with
the time-dependent potential Vt
ih¯∂tψ = (− h¯
2
2m
∇2x + Vt)ψ. (1)
The solution ψt with the initial (boundary) condition ψ0
at t = 0 can be expressed by the Feynman integral
ψt(x) =
∫ Dq
exp
(
i
h¯
∫ t
0
(
1
2m(
dq
ds
)2 − Vt−s(q(s))
)
ds
)
ψ0(qt(x)),
(2)
where q0(x) = x.
2Assume that the initial condition is a product of the
wave functions
ψ0 = ψ
g
0χ0. (3)
We define a stochastic process qs depending on ψ
g
0 and
defined as a functional of the Brownian motion bs. The
stochastic process qs is defined as a solution of the
stochastic equation
dqs = αds+ adbs. (4)
Here, the Brownian motion is defined as the Gaussian
process with the covariance
E[btbs] = min(t, s). (5)
We show that with a proper choice of α and a the solution
of the Schro¨dinger equation (1) can be expressed as
ψt(x) = ψ
g
t (x)E
[
χ0(qt(x))
]
, (6)
where qt(x) is the solution of eq.(4) with the initial con-
dition q0(x) = x. The expectation value E[...] is with
respect to the Brownian motion bt.
The idea is that if in eq.(2) ψ0(qt) = ψ
g
0(qt)χ0(qt) then
we can represent ψg0(qt) = exp ln
(
ψ
g
0(qt)
)
as an integral
lnψg0(qt(x)) = lnψ
g
t (x) +
∫ t
0
d lnψgt−s(qs(x)). (7)
With a proper choice of α and a in eq.(4) the potential
term in eq.(2) will cancel. More precisely we shall have
i
h¯
∫ t
0
(
1
2m(
dq
ds
)2 − Vt−s(q(s))
)
+ ln(ψg0(qt(x))
= − 12
∫ t
0
( db
ds
)2 + lnψgt (x).
(8)
So that the integration over q in the Feynman formula
(1) will be replaced by an average over Brownian paths
bt.
It is crucial for the derivation that functionals of the
Brownian motion satisfy a modified differential formula
(Ito formula [16]) following from the non-differentiability
of the Brownian paths bt
dfs(b) = ∇fs ◦ db+ ∂sfsds
= ∇fsdb + 12∇2fs < (db)2 > +∂sfsds
= ∇fsdb + 12∇2fsds+ ∂sfsds,
(9)
where ◦ denotes the Stratonovitch differential (the differ-
ential db without circle is called Ito differential [16]) and
on the rhs of (9) we insert < (db)2 >= ds (we denote E[..]
by < .. > as a shorthand). If the stochastic equation (4)
is satisfied and if fs is a function of q
dfs = ∇fs ◦ dq+ ∂sfsds = ∇fsdq+ 1
2
a2∇2fsds+ ∂sfsds.
We insert fs = lnψ
g
t−s.Then
d lnψgt−s(qs) = ∇ lnψgt−sdqs+
1
2
a2∇2 lnψgt−sds+∂sψgt−sds.
(10)
We have
∇2 lnψgt−s = (∇2ψgt−s)(ψgt−s)−1 − (ψgt−s)−2(∇ψgt−s)2.
We use the fact that ψgt−s satisfies the Schro¨dinger equa-
tion (1). Then, in equation (10) we can express ∇2ψt−s
by Vt−s and ∂sψ
g
t−s. We can check after an insertion of
eqs.(7) and (10) in eq.(8) that eq.(8) is satisfied if a2 = ih¯
m
and α = ih¯
m
∇ lnψgt−s . In such a case in the exponential of
the Feynman integral there remains solely − 12
∫
ds( db
ds
)2.
The stochastic equation (4) reads
dqs =
ih¯
m
∇ lnψgt−s(qs)ds+
√
ih¯
m
dbs. (11)
We can repeat the procedure for the Feynman inte-
gral solving Schro¨dinger equation with a final boundary
condition ψ|t=τ = ψτ
ψt(x) =
∫ Dq
exp
(
i
h¯
∫ t
τ
(
1
2m(
dq
ds
)2 − Vs(q(s))
)
ds
)
ψτ (qτ (x, t)),
(12)
where qt(x, t) = x. Let ψτ = ψ
g
τχτ where ψ
g
τ is the
solution of eq.(1). As before we use the identity
lnψgτ (qτ (x, t)) =
∫ τ
t
d lnψgs (qs(x, t)) + lnψ
g
t (x). (13)
We perform the differentiation d lnψ as in eq.(10). We
check that if qs satisfies the equation
dqs = − ih¯
m
∇ lnψgs (qs)ds+
√
−ih¯
m
dbs, (14)
then the Feynman integration is reduced to the Brownian
average
ψt(x) = ψ
g
t (x)E
[
χτ (qτ (x, t))
]
. (15)
The imaginary time version of our formulas (at least
the ones when ψg is the ground state) belongs to the
standard theory of stochastic differential equations (see
[17] for eq.(11) and [18] for eq.(14)). The derivation of the
Feynman integral has been discussed earlier in a different
form in [14][15]. There are some mathematical subtleties
concerning analytic properties of functions of the stochas-
tic processes as our formalism is an analytic continuation
of the one well known for the imaginary time.
The formalism can be extended to arbitrary number of
dimensions and to Lagrangians of the form
L = 1
2
glk
dxl
ds
dxk
ds
. (16)
Then the Schro¨dinger equation (1) holds with the Hamil-
tonian
H =
1
2
g−
1
2 pjg
1
2 gjkpk + V, (17)
3where g = det[gjk] , g
jk are the matrix elements of the
inverse matrix and
pj = gjk
dxk
ds
(18)
is the momentum in classical mechanics . In quantum
mechanics
pj = −ih¯ ∂
∂xj
. (19)
The corresponding stochastic equation (an analog of
eq.(11)) reads
dqj =
ih¯
m
gjk∂k ln(ψ
g
t−s)ds+
√
ih¯
m
e
j
k ◦ dbks , (20)
where ejl e
k
l = g
jk. As a simple example we could take
the harmonic oscillator with the ground state solution
ψg(x) = exp(−mω
2h¯
x2). (21)
The stochastic equation (11) reads
dq = −iωqdt+
√
ih¯
m
db. (22)
A simple calculation gives
∫
dx|ψgt (x)|2E[qt(x)qt′ (x)] =
h¯
2mω
exp(−iω|t− t′|).
(23)
The rhs of eq.(23) is the expectation value in the ground
state of the time-ordered products of Heisenberg picture
position operators of the harmonic oscillator. In this
sense the stochastic process qt has a physical meaning
as its correlation functions coincide with quantum ex-
pectation values.
III. THE RELATIVISTIC QUANTUM FIELD
THEORY
In the canonical field theory with the Hamiltonian
H = 1
2
∫
dx
(
Π2 + (ωΦ)2
)
+
∫
dxV (Φ), (24)
where
ω =
√
−△+m2
and
[Φ(x),Π(y)] = ih¯δ(x− y)
consider the Schro¨dinger equation
ih¯∂tψ = Hψ (25)
and its imaginary time version
−h¯∂tψ = Hψ. (26)
Let
ψ0 = ψgχ0, (27)
where ψg is the ground state. Then, χ satisfies the equa-
tion
h¯∂tχ =
1
2
∫
dx
(
Π2 − (Π lnψg)Π
)
χ, (28)
where
Π(x) = −ih¯ δ
δΦ(x)
. (29)
Eq.(28) is a diffusion equation in infinite dimensional
spaces. An approach to Euclidean field theory based on
this equation has been developed in [19]. It follows that
the solution of eq.(28) can be expressed as
χt(Φ) = E
[
χ0
(
Φt(Φ)
)]
, (30)
where Φt(Φ) is the solution of the stochastic equation
dΦt(x) = h¯
δ
δΦ(x)
lnψgdt+
√
h¯dWt(x) (31)
with the initial condition Φ. E[...] denotes an expecta-
tion value with respect to the Wiener process (Brownian
motion) defined by the covariance
E
[
Wt(x)Ws(y)
]
= min(t, s)δ(x− y). (32)
The correlation functions of the Euclidean field in the
ground state ψg can be expressed by the correlation func-
tions of the stochastic process Φt.
Let us consider the simplest example:the free field.
Then, the ground state is
ψg = exp(− 1
2h¯
ΦωΦ). (33)
Eq.(31) reads
dΦ = −ωΦdt+
√
h¯dW (34)
with the solution (with the initial condition Φ at t0)
Φt = exp(−ω(t−t0))Φ+
√
h¯
∫ t
t0
exp(−ω(t−s))dWs. (35)
We can calculate∫ DΦexp(− 1
h¯
ΦωΦ)E[Φt(x)Φt′ (x
′)]
= h¯
(
1
2ω exp(−|t− t′|ω)
)
(x,x′).
(36)
In eq.(36) the rhs denotes the kernel of the operator.
4If the ground state has some analycity property then
we can extend the time in eqs.(25)-(36) t→ it from imag-
inary time to the real time [14] [15]. An analytic contin-
uation to real time of eq.(34) reads
dΦt = −iωΦtdt+
√
ih¯dW. (37)
The solution is
Φt = exp(−iω(t− t0))Φ +
√
ih¯
∫ t
t0
exp(−iω(t− s))dWs.
(38)
The solution of the Schro¨dinger equation (25) has the
same form (6) with Φt(Φ) of eq.(38) replacing qt(x). We
can see that
(
ψg, T
(
exp(
∫
dtΦqt (ft)
)
ψg
)
=
∫
dΦexp(− 1
h¯
ΦωΦ)E
[
exp(
∫
dtdxft(x)Φt(x))
]
= exp
(
h¯
2
∫
dtdt′
(
ft, (2ω)
−1 exp(−iω|t− t′|)ft′
))
,
(39)
where Φqt (f) =
∫
dxΦqt (x)f(x) is the quantum field and
T denotes the time-ordered product.
We can transform the complex equation (37) into two
real equations defining
Φ = φ1 + iφ2 (40)
and
φ+ = φ1 + φ2 (41)
φ− = φ1 − φ2. (42)
Then it follows from eq.(37) that
φ+ = ω
−1φ− (43)
and φ− satisfies the random wave equation
∂2t φ− = −ω2φ− +
√
2h¯ω∂tW, (44)
which has the solution
φ−(t) = cos(ωt)φ−(0) + ω
−1 sin(ωt)∂tφ−(0)
+
√
2h¯
∫ t
0
sin(ω(t− s))dWs, (45)
where ∂tφ−(0) = ωφ+(0).
IV. TIME-DEPENDENT REFERENCE STATE
There are time-dependent solutions in the Gaussian
form of the Schro¨dinger equation for the free field theory
ψ
g
t (Φ) = A(t) exp
( i
2h¯
(ΦΓtΦ+ 2JtΦ)
)
. (46)
In the time-dependent case eq.(11) in quantum field the-
ory takes the form [17]
dΦs = −Γt−sΦsds− Jt−sds+
√
ih¯dWs. (47)
Let Φs(Φ) be the solution of eq.(47) with the initial con-
dition Φ then the solution of the Schro¨dinger equation
is
ψt = ψ
g
tE
[
χ
(
Φt(Φ)
)]
. (48)
With the time-dependent interaction Vt in eq.(24) the
Feynman formula reads (where ψgt is the solution of free
field theory)
ψt = ψ
g
tE
[
exp
(
− i
h¯
∫ t
0
Vt−s(Φs)ds
)
χ
(
Φt(Φ)
)]
. (49)
If we impose the final boundary condition at t = τ on
the solutions Φt(Φ, τ) of the stochastic equation
dΦt = ΓtΦtdt+ Jtdt+
√
−ih¯dWt (50)
then we can express the solution of the Schro¨dinger equa-
tion with the final condition χτ at t = τ as [18]
ψt(Φ) = ψ
g
t (Φ)E
[
χτ
(
Φτ (t,Φ)
)]
. (51)
Let us decompose eq.(50) (J = 0)into the real and
imaginary parts
Φ = φ1 + iφ2 (52)
Γ = ω1 + iω2. (53)
Then
∂tφ+ = ω1φ+ + ω2φ− (54)
∂tφ− = ω1φ− − ω2φ+ +
√
2h¯∂tW. (55)
Expressing φ− by φ+ from eq.(54) and inserting it in
eq.(55) we obtain an equation (if ω2 6= 0)
∂t
(
ω−12 (∂tφ+ − ω1φ+)
)
= ω1ω
−1
2 (∂tφ+ − ω1φ+)− ω2φ+ +
√
2h¯∂tW.
Hence, φ+ satisfies the wave equation with friction (we
further develop the theory of stochastic wave equations
for the quantum theory of fields in expanding universes
in [21] as an extension of Starobinsky stochastic inflation
[20]).
As an application to the particle motion in a (quan-
tized) gravitational wave let us consider the Hamiltonian
of a harmonic oscillator
H = − h¯
2
2
∇2 + 1
2
ω2x2. (56)
5Let us look for a time-dependent solution of the
Schro¨dinger equation in the form
ψ
g
t = A(t) exp
( i
2h¯
(xΓtx+ 2Jtx)
)
. (57)
Then, ψg is a solution of the Schro¨dinger equation (1) if
ih¯∂t lnA = − ih¯
2
Γ +
1
2
J2, (58)
−∂tJ = ΓJ (59)
and
∂tΓ + Γ
2 + ω2 = 0. (60)
It can be seen that the Riccatti equation (60) is equiva-
lent to
d2u
dt2
+ ω2u = 0, (61)
where
u = exp(
∫ t
Γ). (62)
Then, J = Cu−1 with a certain constant C . The general
solution of eq.(61) is
u = σ cos(ωt) + δ sin(ωt), (63)
where σ, δ are complex numbers.
Eq.(47) (J = 0) reads
dqs = −∂t lnut−sqsds+
√
ih¯dbs
= −ω(−σ sin(ω(t− s)) + δ cos(ω(t− s)))
(σ cos(ω(t− s)) + δ sin(ω(t− s)))−1qsds+
√
ih¯dbs
(64)
with the solution
qs(q) =
ut−s
ut
q +
√
ih¯ut−s
∫ s
0
u−1t−τdbτ . (65)
We have
(∂2s + ω
2) < qs >= 0
and
E[(qs− < qs >)(qs′− < qs′ >)]
= ih¯ut−sut−s′
∫min(s,s′)
0
u−2t−τds
= ih¯ω−2ut−sut−s′
(σ2 + δ2)−1
(
Γ(t)− Γ(t−min(s, s′))
)
.
(66)
If δ
σ
= ia then Γ(0) = iaω and the solution ψt starts from
a real Gaussian function. The case δ = iσ corresponds
to the ground state (21) (m = 1). It can be shown that
the formula (66) is continuous with respect to the limit
δ → iσ.
V. PARTICLE INTERACTING WITH
GRAVITONS:PWZ MODEL IN ONE MODE
APPROXIMATION
Parikh,Wilczek and Zahariade [2] consider two masses
M and m0 interacting with gravitational field qω. In a
one mode approximation the Lagrangian describing the
geodesic deviation of the m0 mass ( in the free falling
frame) is [2][22]
L = 12 ((dqωds )2 − ω2q2ω) + 12m0(dξds )2 −m0λdqωds dξdsξ
= 12gjk
dxj
ds
dxk
ds
− 12ω2q2ω,
(67)
where λ =
√
8piG, x = (qω , ξ), ξ is the geodesic deviation.
(gjk) =
[
1 −m0λξ
−m0λξ m0
]
. (68)
The Lagrange equation is
d2ξ
ds2
= m0λ
d2gω
ds2
ξ.
The Hamiltonian is determined by eq.(17) with
[gjk] = (m0 − g2ξ2)−1
[
m0 m0λξ
m0λξ 1
]
. (69)
We could quantize the model (67) with the explicit quan-
tum version (17) of the Hamiltonian. However, the aver-
aging over gravitons is simple only in the influence func-
tional approach.
In general, the wave function evolution in a potential
V and in the gravitational field gµν is
ψ(x, q) =
∫ DxDg exp( i
h¯
∫ L(g))
exp
(
i
h¯
∫ t
0 (
m0
2 gµν
dxµ
ds
dxν
ds
− V )
)
ψ(xt(x)),
(70)
where L(g) is the gravitational Lagrangian and q are the
initial values of the metric. The density matrix in an
environment of gravitons described by variables q is
ρ(t,x; t,x′) =
∫
Dqψ(t,x, q)ψ∗(t,x′, q). (71)
In the PWZ model (67), where the gravitational field is
described by one mode qω, when we apply the transfor-
mation (8) to q with the ground state (21) (m = 1) then
from eq.(49) we obtain
ρt(ξ, ξ
′) =
∫
dq exp(−ω
h¯
q2)
E
[
exp
(
i
h¯
∫ t
0
(m02
dξr
ds
dξr
ds
− m02 dξ
′r
ds
dξ′r
ds
− V (ξ) + V (ξ′)
)
exp
(
iλm0
2h¯
∫ t
0 (qt−s(q)
d2ξ2
ds2
− iq′∗t−s(q)d
2ξ′2
ds2
)
)
χ0(ξt(ξ), qt(q))χ0(ξt(ξ
′), q∗t (q))
∗
]
≡ Ktρ0,
(72)
where q∗ is another realization of the process q (and the
complex conjugation of this realization), we have denoted
the evolution kernel of the density matrix by Kt .
6The calculation of the expectation value (72) gives (we
use the solution of eq.(22) and assume that the initial
condition χ0 does not depend on q )
Kt ≃
∫
dqDξDξ′ exp(−ωq2
h¯
)
E
[
exp
(
i
h¯
∫ t
0 (
m0
2
dξr
ds
dξr
ds
− m02 dξ
′r
ds
dξ′r
ds
−V (ξ) + V (ξ′) + iλ
h¯
∫ t
0
(qt−sfs − q∗t−sf ′s)ds
)]
=
∫
dqDξDξ′ exp(−ωq2
h¯
) exp
(
iλ
h¯
∫ t
0 (q exp(−iω(t− s))fs
−q exp(iω(t− s))f ′s)ds
)
exp
(
− λ2
2h¯2
∫ t
0 dsds
′(
E[(qt−s− < qt−s >)(qt−s′− < qt−s′ >)]fsfs′
+E[(q∗t−s− < q∗t−s >)(q∗t−s′− < q∗t−s′ >)]f ′sf ′s′
))
,
(73)
where f = m02
d2ξ2
ds2
, f ′ = m02
d2ξ′2
ds2
. In eq.(73) we have
(from eq.(22))
E[(qt−s− < qt−s >)(qt−s′− < qt−s′ >)]
= h¯2ω
(
exp(−iω|s− s′|)− exp(−iω(2t− s− s′))
)
.
(74)
If the oscillator is in a time-dependent state then we
should insert the solution (63) in the Feynman formula
(72). Hence, instead of eq.(73) we have
∫
dq| exp(iΓtq22h¯ )|2E
[
exp
(
iλ
h¯
∫ t
0 (qsft−s − q∗sf ′t−s)ds
)]
=
∫
dq exp(iΓtq
2
2h¯ ) exp(−i
Γ∗t q
2
2h¯ )
exp
(
iλ
h¯
∫ t
0
(
< qt−s > fs− < q∗t−s > f ′s)ds
))
exp
(
− λ2
2h¯2
∫ t
0
dsds′(
E[(qt−s− < qt−s >)(qt−s′− < qt−s′ >)]fsfs′
+E[(q∗t−s− < q∗t−s >)(q∗t−s′− < q∗t−s′ >)]f ′sf ′s′
))
,
(75)
where
E[(qt−s− < qt−s >)(qt−s′− < qt−s′ >)]
= ih¯usus′
∫min(t−s,t−s′)
0
dτu(t− τ)−2
= ih¯ω−2usus′(σ
2 + δ2)−1
(Γ(t)− Γ(max(s, s′))).
(76)
After calculation of the q integral in eqs.(73) and (75)
we obtain a quadratic functional of fs and f
′
s′ in the
exponential. In the simplest case (73) of the ground state
of the oscillator we obtain
Kt ≃
∫ DξDξ′
exp
(
i
h¯
∫ t
0 (
m0
2
dξr
ds
dξr
ds
− m02 dξ
′r
ds
dξ′r
ds
− V (ξ) + V (ξ′))
)
exp
(
− λ24h¯ω
∫ t
0
dsds′
(
fsfs′ exp(−iω|s− s′|)
+f ′sf
′
s′ exp(iω|s− s′|)− 2fs′f ′s exp(iω(s− s′)
))
.
(77)
We write
X =
1
2
(ξ + ξ′) (78)
y = ξ − ξ′.
We expand the exponential in eq.(77) in y. Then, the
terms independent of y cancel and there remains (up to
the terms quadratic in y )
ρt ≃
∫ DXDy exp( i
h¯
∫ t
0
y(m0
d2X
ds2
− V ′(X))
)
exp
(
− λ2m208h¯ω
∫ t
0 dsds
′
(
− i sin(ω(s− s′))(d2Xy
ds′2
d2X2
ds2
− d2Xy
ds2
d2X2
ds′2
) + d
2Xy
ds2
d2Xy
ds′2
cos(ω(s− s′))
))
ρ0(X).
(79)
The term linear in y gives a modification of the equation
of motion of the ξ coordinate whereas the term quadratic
in y is a noise acting upon the particle [7].
In the expression (75) of the time-dependent reference
state we obtain
ρt ≃ exp
(
− i2h¯(Γt−Γ∗t )
(
λ
∫ t
0 (u
−1
t usfs − u∗−1t u∗sf ′s)ds
)2
− iλ22h¯ω2
∫ t
0
(
usus′(σ
2 + δ2)−1(Γ(t)− Γ(max(s, s′)))fsfs′
−u∗su∗s′(σ∗2 + δ∗2)−1(Γ∗(t)− Γ∗(max(s, s′)))f ′sf ′s′
)
dsds′
)
.
(80)
We expand (80) in y again. Let us consider the gen-
eral expression appearing after an expansion in y till the
second order terms in eqs.(79)-(80)
∫ DXDy exp( i
h¯
∫ t
0 y(m0
d2X
ds2
+ V ′(X) + L(X) + i2h¯My)
)
ρ0(X)
≡ ∫ DXDy exp( i
h¯
∫ t
0
(yL˜+ i2h¯yMy)
)
ρ0(X)
=
∫ DXDy exp(− 1
2h¯2
(y − ih¯M−1L˜)M(y − ih¯M−1L˜)
− 12 L˜M−1L˜
)
ρ0(X),
where by L we denoted a functional of X , M is an op-
erator and by L˜ we denoted the term proportional to y.
If we introduce Y = M−
1
2 L˜ then Y becomes a Gaus-
sian variable with the white noise distribution which can
be represented as ∂sW . The factor depending on y is
integrated out contributing just a constant. The calcula-
tion of ρt is reduced to an average over solutions of the
stochastic equation
m0
d2X
ds2
+ V ′(X) + L(X) =M
1
2 ∂sW. (81)
In the next section dealing with a thermal state of the
gravitational field we approximate L and M by local
functions of X .
VI. INFINITE NUMBER OF
MODES:THERMAL STATE OF GRAVITONS
We are to generalize the results of sec.5 to an infi-
nite number of modes of the gravitational field. We
have studied earlier [7] an analogous model of a parti-
cle geodesic motion in an environment of quantum grav-
itational waves in a thermal state. There are minor
7changes from the setting of Parikh, Wilczek and Zahari-
ade [2]where the effect of gravitons on geodesic devia-
tion is considered. With the infinite number of gravita-
tional wave modes in the model (67) of sec.5 we shall
have ω = |k| (we set the velocity of light c = 1), and we
sum up the terms with qω over k with the measure dk.
Now the Lagrangian (67) is [22]
L = 18
∫
dkh∗α(k, s)(−( dds )2 + k2)hα(k, s) + 12m0 dξrds dξrds
− 14m0λ
d2hwrl
ds2
ξrξl − 14m0λ(2pi)−
3
2
∫
dk
d2h
q
rl
ds2
(k)ξrξl,
(82)
where the metric perturbation hrl of the Minkowski met-
ric ηµν (gµν = ηµν + hµν) is in the transverse-traceless
gauge, k is the wave vector and the geodesic deviation ξ
in a gravitational transverse-traceless gauge has only the
spatial components ξr. We apply the decomposition of
hrl = h
w
rl+h
q
rl into the classical wave solution h
w
rl and the
quantized (graviton ) part hqrl. h
q
rl is decomposed in the
amplitudes hα (where α = +,×,in the linear polarization
) by means of the polarization tensors eαrl [23][24]
hrl(x, t) = h
w
rl(x, t)
+(2pi)−
3
2
∫
dk(hαe
α
rl exp(−ikx) + h∗αeαrl exp(ikx)).
The hqrl are quantized at finite temperature T with the
Gibbs distribution exp(−βH), β−1 = kBT where kB is
the Boltzman constant. The classical part of the particle-
wave interaction can be considered as a time-dependent
external potential V (ξ) with
V =
m0
4
d2hwkn
ds2
ξkξn. (83)
Denote
f rl =
m0
2
d2
ds2
ξrξl (84)
f ′rl =
m0
2
d2
ds2
ξ′lξ′r. (85)
Then, as in[7] (there are some misprints of signs in [7];
for the derivation of the thermal formula see [25],sec.18,
see also [5][8][10];the gravitational case is analogous to
the electromagnetic one treated in [26]) we obtain for
the density matrix evolution kernel
Kt(ξ, ξ
′) =
∫
DξDξ′ exp( im02h¯
∫ t
0
ds(dξr
ds
dξr
ds
− dξ′r
ds
dξ′r
ds
)
exp( i
h¯
∫ t
0 (V (ξ)− V (ξ′))
exp
(
λ2
h¯2
∫ t
0 ds
∫ s
0 ds
′
(
(f rl − f ′rl)Crl:mn(fmn + f ′mn)
−(f rl − f ′rl)Arl:mn(fmn − f ′mn)
)
.
(86)
In (86) we have a decomposition of the finite temperature
transverse-traceless graviton propagator D into the real
and imaginary parts D = A+ iC
Arl;mn(x− x′, s− s′) = 2βh¯(2pi)−3
∫
dk
2kΛrl;mn
cos(k(x − x′)) cos(k(s− s′)) coth( h¯βk2 ),
(87)
Crl;mn(x− x′, s− s′) = 2h¯(2pi)−3
∫
dk
2k Λrl;mn
cos(k(x − x′)) sin(k(s− s′)), (88)
where
2Λij;mn = 2e
α
ije
α
mn = (δim − k−2kikm)(δjn − k−2kjkn)
+(δin − k−2kikn)(δjm − k−2kjkm)
− 23 (δij − k−2kikj)(δnm − k−2knkm).
We neglect the dependence on x in eqs.(87)-(88). Then
the angular average over kk−1 gives
1
4pi
< Λij;mn >=
1
5
(δimδjn + δinδjm)− 2
15
δijδnm. (89)
When we neglect the x dependence of the propagators
(assuming ξ is small in comparison with the gravitational
wave length) and average over the angles then the k-
integral dk ≃ 4pidkk2 in the high temperature limit of
Arl;mn in eq.(87) gives δ(s− s′). In Crl;mn (88) we write
(as in [7]) sin(k(s − s′)) = −k−1∂s cos(k(s − s′)). Then,
integrating over k we obtain ∂sδ(s− s′) . In such a case
the evolution kernel of the density matrix reads
Kt(ξ; ξ
′) =
∫
DξDξ′ exp
(
im0
2h¯
∫ t
0
ds(dξr
ds
dξr
ds
− dξ′r
ds
dξ′r
ds
) + i
h¯
∫ t
0 (V (ξ)− V (ξ′))
)
exp
(
− i γ2h¯
∫ t
0
ds
(
(qrl − q′rl)∂s(qrl + q′rl)
− w
2h¯2
(qrl − q′rl)(qrl − q′rl)
))
,
(90)
where
qrl =
1
2
d2
ds2
(ξrξl − 1
3
δrlξjξj) (91)
results from a resummation of f rl with < Λij;rl >
γ =
8piGm20
10pi
(92)
w =
2γ
β
(93)
We expand eq.(90) aroundX (78) (now with three spatial
indices)
qrl − q′rl = d
2
ds2
(Xryl +X lyr − 2
3
δrlXjyj)
In the exponential (90) the term linear in y becomes
yn
(
− d2Xn
ds2
+ λ2
d2hwnr
ds2
Xr
+ 8piGm010pi Xl
d5
ds5
(13XrXrδnl −XnXl)
) (94)
The term quadratic in y is the noise term. The calcula-
tion of the evolution kernel is reduced to an expectation
value over the solutions of the stochastic equation
− d2Xn
ds2
+ λ2h
w
nrXr +
8piGm0
10pi X
l d
5
ds5
(13XrXrδnl −XnXl)
= m−10
√
w(M
1
2 )nr∂sWr .
(95)
8As explained in the derivation of eq.(81) the term
quadratic in y defines the operator M . From eq.(90)
we obtain that M is an operator defined by the bilinear
form (on the rhs of eq.(95) we have the square root of
this matrix)
yrM rlyl = 2
∫
ds
(
d2
ds2
(Xjyl) d
2
ds2
(Xjyl)
+ d
2
ds2
(Xjyl) d
2
ds2
(X lyj)− 23 d
2
ds2
(Xjyj) d
2
ds2
(X lyl)
) (96)
We can see that the noise on the rhs of eq.(95) has the
factor
√
T which can be large at high temperature.
VII. GENERAL GAUSSIAN STATE OF THE
GRAVITON
We generalize the results of sec.5 on averaging over
the oscillator modes to infinite number of modes of the
gravitational field. The gravitational perturbation in
the transverse-traceless gauge is decomposed into the
amplitudes hα by means of the polarization tensors
eαrl,α = +,×, hrl = eαrlhα. The gravitational Hamilto-
nian H = H+ +H× has the same form as for two inde-
pendent scalar fields Φ→ hα (eq.(24) with m = V = 0).
In such a case we have two independent equations (60) for
Γα and two independent uα. The quantum interaction
in eq.(67) in multimode case takes the form
λm0
2 (2pi)
− 3
2
∫
dk
d2h
q
kn
ds2
ξkξl = λm02 (2pi)
− 3
2
∫
dk
d2hqα
ds2
fα,
where fα = eαrlf
rl.
We consider a solution of the Schro¨dinger equation (25)
in the Gaussian form (if we did not split the gravitational
field into hw and hq then the classical part would be
obtained from the term Jh in eq.(57))
ψ
g
t (h) = exp
( i
2h¯
∫
dkhqαΓ
α
t h
q
α
)
. (97)
In eq.(97) (Γα − Γ∗α)−1 has a physical meaning as the
squeezing of the amplitude hα in the uncertainty relations
(squeezed states are produced during inflation[28][29]).
In general, Γ+ and Γ× are independent solutions of
eq.(60). We restrict our discussion to the case Γ+ =
Γ× ≡ Γ ( and u+ = u×). Then, the gravitational field
resulting from the state (97) is covariant under rotations.
In the expectation values (77) and (80) we shall have
sums of the form
fαs f
α
s′ = Λmn;rlf
mn
s f
rl
s′ (98)
which after averaging over kk−1 will be expressed by qrl
(91) in the way analogous to the thermal case of sec.6
(Λmn;rlf
mn
s f
rl
s′ →< Λmn;rl > fmns f rls′ ). In detail
Kt ≃
exp
(
− iλ2m202h¯(Γt−Γ∗t )
∫
dk
( ∫ t
0 (u
−1
t usf
α
s − u∗−1t u∗sf ′αs )ds
)2
− iλ2m202h¯ 4pi5
∫
dk
∫ t
0
(
usus′(σ
2 + δ2)−1
(Γ(t)− Γ(max(s, s′)))qrls qrls′ − u∗su∗s′(σ∗2 + δ∗2)−1
(Γ∗(t)− Γ∗(max(s, s′)))q′rls q′rls′
)
dsds′
)
.
(99)
In eq.(99) the fαfα term has been expressed by q
rl and
u(k) is defined in eq.(63) with ω = k.
For the final result the integral over k is crucial. In
the thermal case the effective action at high temperature
in the exponential (90)was local in time (for a small β
) owing to the k−1 factor coming from coth(12βk). We
do not have such a factor here. Nevertheless, we can
see that the non-local final noise can be large owing to
the squeezing factor (Γ−Γ∗)−1 in eq.(99).Explicitly, this
term is
exp
(
− iλ2m202h¯(Γt−Γ∗t )
8pi
5
∫
dkk2
∫ t
0
dsds′
(
u−2t usus′q
rm
s q
′rm
s′
+u∗−2t u
∗
su
∗
s′q
′rm
s q
′rm
s′ − u−1t u∗−1t u∗sus′q′rms qrms′
−u−1t u∗−1t usu∗s′qrms q′rms′
))
.
(100)
The exponential in (99) is of the form
exp(iα1qq + iα2q
′q′ + iα3qq
′). (101)
When δ
σ
= i and Γ = ik then in the integral (99) we
obtain (this is an infinite mode version of eq.(77))
Kt ≃ exp
(
− λ2m202h¯ 4pi5
∫
dkk
∫ t
0
dsds′(
exp(−ik|s− s′|)qrl(s)qrl(s′)
+ exp(ik|s− s′|)q′rl(s)q′rl(s′)+
− exp(−ik(s+ s′))(qrl(s))q′rl(s′) + q′rl(s)qrl(s′)
))
.
(102)
Representing sin(kt) as −k−1∂t cos(kt) we integrate
over k obtaining ∂sδ(s − s′) in a similar way as in the
thermal case arriving at the phase factor
exp
(
− i γ
2h¯
∫ t
0
(qrl − q′rl)∂s(qrl(s) + q′rl(s)
)
. (103)
We obtain the same lhs of the stochastic equation as in
the thermal state , but the noise resulting from eq.(102)is
different than the one of eq.(95) ( non-local in time and
non-Markovian).
In eq.(99) the exponential of the evolution kernel for
the density matrix is of the form
Kt ≃
∫
DξDξ′ exp
(
i
2h¯
∫ t
0 ds(m0
dξr
ds
dξr
ds
−m0 dξ
′
r
ds
dξ′r
ds
+V (ξ) − V (ξ′)) + i ∫ dsds′((qrl − q′rl)C(qrl + q′rl)
+(qrl + q′rl)A(qrl + q′rl) + (qrl − q′rl)B(qrl − q′rl)
)
.
(104)
9If the exponential (99)-(101) is written in the form (104)
then α1 = A+B+C, α2 = A+B−C, α3 = 2(A−B−C).
The functions A,B,C can be read from eqs.(99)-(100).
Expanding in y we obtain the non-Markovian stochas-
tic equation as derived in eq.(81). In eq.(104) the C-
term is proportional to y whereas the A and B terms are
quadratic in y. So the C term gives the modification of
the equation for the geodesic deviation whereas the A,B
terms contribute to the noise.
VIII. SUMMARY
We have calculated the average of the density matrix
over the gravitational field in a thermal state and in a
general Gaussian state. The result shows that for gravi-
tons in high temperature or in a highly squeezed state the
modification of the geodesic deviation equation applied
in a gravitational wave detection can have large noise am-
plitude. In general, the perturbation of the geodesic devi-
ation equation is non-local and non-Markovian. Our re-
sults on the stochastic geodesic deviation equation show
some differences in comparison to PWZ[2] which may
come from approximations used by those authors. The
formula for the noise (although quite complicated) can
be useful in order to distinguish the contribution of the
graviton noise from other sources of noise in the gravi-
tational wave detection. The noise could be detectable
if gravitational waves come from an inflationary stage of
universe evolution (squeezing) or from a merge of hot
neutron stars.
IX. APPENDIX:HIGH TEMPERATURE
(CLASSICAL) LIMIT
We can treat the system in an environment of ther-
mal gravitons by means of the same procedure as applied
in[27]. The equation for the gravitational field resulting
from the Lagrangian (82) is
d2hrl(k)
dt2
+ k2hrl(k) = (2pi)−
3
2 λf rl. (105)
We write the solution of eq.(105) (assuming that when
t ≤ t0, where t0 is the initial time, hrl behaves as free
wave) in the form (in the transverse-traceless gauge)
hrl(k) = hwrl(k) + h
th
rl (k) + h
I
rl(k)
= hwrl + e
α
rl(h
α
0 cos(kt) + k
−1Πα0 sin(kt))
+λ(2pi)−
3
2Λrl;mn
∫ t
t0
k−1 sin(k(t− t′))fmn(t′)dt′,
(106)
here
hwrl(t,x) = (2pi)
− 3
2
∫
dk exp(ikx)hwrl(k)
is the gravitational wave, hth describes the thermal
modes distributed with the Gibbs equilibrium measure,
hα0 and Π
α
0 are random initial conditions. h
I
rl is the grav-
itational field created by the motion of m0. h
w
rl and h
th
rl
satisfy the homogeneous equation
d2hrl(k)
dt2
+ k2hrl(k) = 0.
The equation of motion for the coordinate ξ is
d2ξr
dt2
= λ2
d2hwrl(k)
dt2
ξl + λ2 (2pi)
− 3
2
∫
dk
d2hthrl (k)
dt2
ξl
+λ2 (2pi)
− 3
2
∫
dk
d2hIrl(k)
dt2
ξl.
(107)
We insert the gravitational field from eq.(106) into
eq.(107) . We obtain
d2ξr
dt2
=
λ
2
d2hwrl(k)
dt2
ξl +Nrl(t)ξ
l + Fr(ξ, t), (108)
where F is a non-linear interaction resulting from the
interaction with the environment and
N rl(t) =
∫
dkN rl(k, t) = −λ2 (2pi)−
3
2
∫
dkk2eαrl
(hα0 cos(kt) + k
−1Πα0 sin(kt)).
(109)
The classical Gibbs distribution (a classical limit of the
quantum Gibbs distribution of sec.6)is
dΠα0 dh
α
0 exp
(
− β
2
∫
dk(|Πα|2 + k2|hα|2)
)
. (110)
Calculating the correlation functions of the noise (assum-
ing the Gibbs distribution of the initial values) we obtain
< N rl(k, t)Nmn(k′, t′) >= λ
2
4 β
−1(2pi)−3δ(k− k′)k2Λrl:mn
cos(k(t− t′)).
(111)
So, that
< N rl(t)Nmn(t′) >=< Λrl:mn >
λ2
4pi
β−1∂2
t
∂2
t′
δ(t−t′).
(112)
The non-linear force resulting from the graviton environ-
ment is
F r = 12λ
2(2pi)−3∂2t
∫
dk
Λrl;mn
∫ t
t0
k−1 sin(k(t− t′))fmn(t′)dt′ξl
= 12λ
2m0(2pi)
−34pi
∫
dkk2
< Λrl;mn > (
∫ t
t0
∂t cos(k(t− t′))fmn(t′)dt′ξl + fmn(t)ξl).
(113)
We write the last factor as
(
∫ t
t0
∂t cos(k(t− t′))fmn(t′)dt′ξl(t) + fmn(t)ξl(t))
= (− ∫ t
t0
∂t′ cos(k(t− t′))fmn(t′)dt′ξl(t) + fmn(t)ξl(t))
=
∫ t
t0
cos(k(t− t′))∂t′fmn(t′)dt′ξl(t)
+ cos(k(t− t0))fmn(t0)ξl(t).
(114)
Then∫ t
t0
∫
dkk2 cos(k(t− t′))∂t′fmn(t′)dt′
= −2pi ∫ t
t0
∂2t′δ(t− t′)∂t′fmn(t′)dt′ = 2pi∂3t fmn(t),
(115)
10
where we assumed that at t0 the first and the second
derivatives of fmn are zero. If we assme that in (114)
fmn(t0) = 0 then we can write eq.(108) in the form
d2ξr
dt2
= λ2
d2hrlw
dt2
ξl
−λ25pi (δrmδln − 13δrlδmn)ξl∂3t fmn +N rl(t)ξl.
(116)
Eq.(116) is the classical limit of eq.(95).
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